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Abstract
Let R be a gcd-domain (for example let R be a unique factorization domain), and
let (an)n>1 be a sequence of nonzero elements in R. We prove that gcd(an, am) =
agcd(n,m) for all n,m > 1 if and only if
an =
∏
d|n
cd for n > 1,
where c1 = a1 and cn = lcm(a1, a2, . . . , an)/lcm(a1, a2, . . . , an−1) for n > 2. All
equalities with gcd and lcm are determined up to units of R.
Introduction
Let R be a commutative unique factorization domain, and let (an)n>1 be a sequence of
nonzero elements of R. Put c1 = a1 and cn = lcm(a1, a2, . . . , an)/lcm(a1, a2, . . . , an−1) for
n > 2. Then (cn) is a sequence of nonzero elements of R and it is well-defined up to units.
We will say that (cn) is the lcm-sequence of (an). A sequence (an)n>1 of nonzero elements
of R is called a strong divisibility sequence if agcd(m,n) is a greatest common divisor of am
and an for all m,n > 1.
Consider the case R = Z[x], and let an = x
n − 1 for n > 1. The nth cyclotomic
polynomial is commonly defined by the formula Φn(x) = (x − ω1) · · · (x − ωϕ(n)), where
ϕ is the Euler totient function and ω1, . . . , ωϕ(n) are the primitive nth roots of unity.
It is well known that for any n we have the equality an =
∏
d|n Φd(x). Applying the
Mo¨bius inversion formula, we obtain the equality Φn(x) =
∏
d|n a
µ(n/d)
n , in which µ is the
Mo¨bius function. This formula may be used as a definition of Φn(x). Recently, Tomasz
Ordowski presented a new alternative definition of Φn(x). He observed that (Φn(x)) is
the lcm-sequence of (an), that is, Φ1(x) = x− 1 and
Φn(x) =
lcm
(
x1 − 1, x2 − 1, . . . , xn − 1
)
lcm
(
x1 − 1, x2 − 1, . . . , xn−1 − 1
) for n > 2.
Tomasz Ordowski observed also that there exists a similar formula for integer values of
Φn(x). If b > 2 is an integer, then Φ1(b) = b− 1, and
Φn(b) =
lcm
(
b1 − 1, b2 − 1, . . . , bn − 1
)
lcm
(
b1 − 1, b2 − 1, . . . , bn−1 − 1
) for n > 2.
This means that the sequence (Φn(b))n>1 is equal to the lcm-sequence of (b
n − 1)n>1.
It is well known that (xn − 1)n>1 and (b
n − 1)n>1 are strong divisibility sequences in
Z[x] and Z, respectively. In this article we show that every strong divisibility sequence
has the above properties.
In this article a sequence (an)n>1 of nonzero elements of R is called special if there
exists a sequence (bn)n>1 of nonzero elements in R such that an =
∏
d|n bd for any n > 1.
Note that if a sequence (an) is special, then its associated sequence (bn) is unique. The
uniqueness follows from the Mo¨bius inversion formula, applied to the field of fractions of
R; we have bn =
∏
d|n a
µ(n/d)
d for any n > 1.
It is known (Mathematical Olympiad, Iran 2001, Problem 5, see for example [1] p.
218) that every strong divisibility sequence in Z is special. Recently, Nathan Bliss, Ben
Fulan, Stephen Lovett and Jeff Sommars proved in [3] that the same is true for strong
divisibility sequences in arbitrary unique factorization domains. Thus, if (an) is a strong
divisibility sequence in a factorization domain R, then there exists a unique sequence (bn)
of nonzero elements in R with b1 = a1 and an =
∏
d|n bd. The authors of [3] proved also
that there exist special sequences which are not strong divisibility sequences.
The main theorem of this article states that if (an)n>1 is a sequence of nonzero elements
in R and (cn) is the lcm-sequence of (an), then (an) is a strong divisibility sequence if and
only if
an =
∏
d|n
cd for all n > 1.
Applying the main theorem to the sequences (xn − 1) and (bn − 1), we obtain the above
mentioned formulas of Ordowski. It is well-known that the Fibonacci sequence, the se-
quences of the form (an − bn) with gcd(a, b) = 1, and other known sequences have the
strong divisibility property. Applying the main theorem and the Mo¨bius inversion formula
to these sequences, we obtain new formulas for some lcm-sequences and strong divisibility
sequences.
We restricted our attention to an arbitrary unique factorization domain R. The main
theorem of this article we prove for more general domains. We assume only that R is a
gcd-domain.
1 Notations and preliminary facts
Let S be a domain, that is, S is a commutative ring with identity without zero divisors.
Let a1, . . . , an be nonzero elements of S. A greatest common divisors (abbreviated as
gcd) of a1, . . . , an is a nonzero element d in S such that d | ai for i = 1, . . . , n, and if
0 6= d′ ∈ S, d′ | ai for i = 1, . . . , n, then d
′ | d. A least common multiple (abbreviated as
lcm) of a1, . . . , an is a nonzero element m in S such that ai | m for i = 1, . . . , n, and if
0 6= m′ ∈ S, ai | m
′ for i = 1, . . . , n, then m | m′.
Throughout this article we assume that R is a gcd-domain, that is, R is a domain and
any two nonzero elements in R have a greatest common divisor ([5]). It follows from the
definition of gcd-domains, that if n > 1 and a1, . . . , an are nonzero elements in R, then
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there exist a greatest common divisor and a least common multiple of a1, . . . , an. We
adopt the notation (a1, . . . , an) and [a1, . . . , an] for the greatest common divisor and the
least common multiple, respectively, of a1, . . . , an. Note that the elements (a1, . . . , an) and
[a1, . . . , an] are determined only up to units. We can allow this ambiguity in our article.
Unique factorization domains, Bezout domains and valuation domains belong to the
class of gcd-domains. Every gcd-domain is integrally closed. If R is a gcd-domain, then
the polynomial ring R[x] is also a gcd-domain ([5]).
We say that two nonzero elements a, b ∈ R are relatively prime, if (a, b) = 1. It should
be carefully noted that we are not assuming that (a, b) is a linear combination of a and b.
Let us note some properties of gcd and lcm.
Proposition 1.1. If a, b, c are nonzero elements of a gcd-domain R, then:
(1) ((a, b), c) = (a, (b, c)) = (a, b, c), [[a, b], c] = [a, [b, c]] = [a, b, c];
(2) (ac, bc) = (a, b)c, [ac, bc] = [a, b]c;
(3) (a, b)[a, b] = ab;
(4) if d = (a, b), then (a/d, b/d) = 1;
(5) if (a, b) = 1 and (a, c) = 1, then (a, bc) = 1;
(6) if (a, bc) = 1, then (a, b) = 1 and (a, c) = 1;
(7) if (a, b) = 1 and a | bc, then a | c;
(8) if (a, b) = 1, a | c and b | c, then ab | c.
Recall that the equalities which appear in this proposition are determined up to units.
The proof of this proposition is elementary, so we omit it.
Let (an)n>1 be a sequence of nonzero elements of a gcd-domain R. Recall that (an) is
called a strong divisibility sequence if (am, an) = a(m,n) for all m,n > 1. The following two
theorem from [3] will play an important role. They are stated in [3] for unique factorization
domains, but they are also valid (with the same proofs) for arbitrary gcd-domains.
Theorem 1.2 ([3]). If (an)n>1 is a strong divisibility sequence of a gcd-domain R, then
there exists a unique sequence (bn)n>1 of nonzero elements in R such that an =
∏
d|n bd
for all n > 1.
Theorem 1.3 ([3]). Let R be a gcd-domain and let (bn)n>1 be a sequence of nonzero
elements of R. Let (an)n>1 be the sequence such that an =
∏
d|n bd. The sequence (an)
is a strong divisibility sequence if and only if, for all positive integers m and n such that
m ∤ n and n ∤ m, the elements bm and bn are relatively prime.
Assume again that (an)n>1 is a sequence of nonzero elements of a gcd-domain R. Put
e1 = 1 and en+1 = [en, an] for n > 1.
Then en+1 = [a1, . . . , an] and en | en+1 for all n > 1. Denote by cn the element en+1/en.
Then (cn)n>1 is a sequence of nonzero elements in R. We call it the lcm-sequence of (an).
Note, that c1 = a1 and
cn =
[a1, . . . , an]
[a1, . . . , an−1]
for all n > 2.
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If for example (an) is a constant sequence, an = a for all n > 1 with 0 6= a ∈ R, then
c1 = a and cn = 1 for all n > 2. The lcm-sequence of the geometric sequence an = q
n
with 0 6= q ∈ R is equal to the constant sequence cn = q. If R = Z and an = n!, then
cn = n. The lcm-sequence of the sequence an = n is of the form (cn), where
cn =
{
p, if n = ps for some prime p and integer s > 1,
1, otherwise.
The first few terms of the lcm-sequence of the triangular numbers tn = n(n + 1)/2 are:
1, 3, 2, 5, 1, 7, 2, 3, 1, 11, 1, 13, 1, 1, 2, 17, 1, 19.
2 The main theorem
Theorem 2.1. Let (an)n>1 is a sequence of nonzero elements in a gcd-domain R, and let
(cn)n>1 be the lcm-sequence of (an). Then the following two conditions are equivalent.
(1) (an) is a strong divisibility sequence.
(2) an =
∏
d|n cd for all n > 1.
Proof. (1) ⇒ (2). Assume that (an) is a strong divisibility sequence. Then,
by Theorem 1.2, there exists a unique sequence (bn)n>1 of nonzero elements in R, such
that an =
∏
d|n bd for all n > 1. Consider the sequence (en)n>1 defined by e1 = 1 and
en+1 = [en, an] for n > 1. We will prove, using an induction with respect to n, that for
every n > 1 we have the equality
(∗) en+1 = b1b2 · · · bn.
For n = 1 it is obvious, because e2 = [e1, a1] = a1 = b1. Now let n > 2, and assume that
en = b1 · · · bn−1. Then we have
en+1 = [en, an] =

n−1∏
k=1
bk,
∏
d|n
bd

 = [A · B, A · bn],
where A is the product of the elements bd with d < n and d | n, and B is the product
of all elements of the form bd with d < n and d ∤ n. Since (an) is a strong divisibility
sequence, we know by Theorem 1.3 and Proposition 1.1 that the elements B and bn are
relatively prime. Hence, [B, bn] = Bbn and so, we have:
en+1 = [AB, Abn] = A[B, bn] = ABbn =
(
n−1∏
k=1
bk
)
· bn = b1 · · · bn.
Thus, by induction, we have a proof of (∗). But, by the definition of the lcm-sequence of
(an), c1 = a1 and for n > 2 we have cn = en+1/en = (b1 · · · bn)/(b1 · · · bn−1) = bn. Whence
bn = cn for all n > 1. Therefore, an =
∏
d|n bd =
∏
d|n cd for n > 1.
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(2) ⇒ (1). Assume now that an =
∏
d|n cd for n > 1, and let m > 1 be a fixed integer.
Denote by U the product of the elements cd with d < m and d | m, and denote by V the
product of all elements of the form cd with d < m and d ∤ m. Then we have:
UV cm =
m∏
i=1
ci = em+1 = [em, am] =

m−1∏
i=1
ci,
∏
d|m
cd

 = [UV, Ucm] = U [V, cm].
Hence, [V, cm] = V cm and hence, the elements V and cm are relatively prime. Recall that
V is the product of all elements cd with d < m and d ∤ m. This implies (by Proposition 1.1)
that if d < m and d ∤ m, then the elements cd and cm are relatively prime.
We proved that if n,m > 1, n | m andm ∤ n, then the elements cn and cm are relatively
prime. Therefore, by Theorem 1.3, the sequence (an) is a strong divisibility sequence. 
It is well-known that the sequence an = x
n − 1 is a strong divisibility sequence in
the polynomial ring Z[x]. In this case we have the equalities xn − 1 =
∏
d|nΦd(x),
where each Φn(x) is the nth cyclotomic polynomial. We know also, by Theorem 2.1,
that xn − 1 =
∏
d|n cd, where (cn)n>1 is the lcm-sequence of (an). Applying the Mo¨bius
inversion formula we obtain that Φn(x) = cn for all n > 1, and hence, we have:
Corollary 2.2 (Ordowski). Let an = x
n − 1. Then Φ1(x) = a1 and
Φn(x) =
[
a1, a2, . . . , an−1, an
]
[
a1, a2, . . . , an−1
] for n > 2.
By the same way we obtain similar formulas for integer values of cyclotomic polyno-
mials. Let b > 2 be an integer and let an = b
n − 1 for n > 1. Then (an)n>1 is a strong
divisible sequence in Z and bn − 1 =
∏
d|nΦd(b) for n > 1. Applying Theorem 2.1 and
the Mo¨bius inversion formula we again obtain that (Φn(b))n>1 is the lcm-sequence of (an).
Therefore we have the following corollary.
Corollary 2.3 (Ordowski). Let b > 2 be an integer and let an = b
n − 1 for n > 1.
Then
Φn(b) =
[
a1, a2, . . . , an−1, an
]
[
a1, a2, . . . , an−1
] for n > 2.
In particular, [M1, . . . ,Mn] / [M1, . . . ,Mn−1] = Φn(2), where each Mn is the Mersenne
number 2n − 1.
It is easy to prove and it is well-known that the sequence an = x
n − yn is a strong
divisibility sequence in the polynomial ring Z[x, y]. In this case we have the equalities
xn − yn =
∏
d|nΨn(x, y), where Ψn(x, y) are polynomials in Z[x, y] defined by
Ψn(x, y) = y
ϕ(n)Φn(x/y) =
∏
d|n
(
xd − yd
)µ(n/d)
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for all n > 1 (see for example [8]). Thus, [a1, . . . , an]/[a1, . . . , an−1] = Ψn(x, y) for
all n > 2. Similarly, if u > v > 1 are relatively prime integers, then the sequence
an = u
n − vn is a strong divisible sequence in Z, and again we have the equalities
[a1, . . . , an]/[a1, . . . , an−1] = Ψn(u, v) for all n > 2.
Examples and properties of strong divisibility sequences can be found in many books
and articles (see for example: [6], [10], [3], [7], [9] 150-152). For each such sequence we
have, by Theorem 2.1, an associated formula connected with its lcm-sequence. Consider
several examples. The sequence of repunits,
un = 11 . . . 1︸ ︷︷ ︸
n
=
10n − 1
9
,
is a strong divisible sequence in Z. The first few terms of the lcm-sequence are:
1, u2, u3, 101, u5, 91, u7, 10001, 1001001, 9091, u11, 9901, u13, 909091, 90090991.
The sequence of the Fibonacci numbers, F1 = F2 = 1, Fn+2 = Fn+1 + Fn, is a strong
divisibility sequence in Z ([11]). The first few terms of its lcm-sequence are:
1, 1, 2, 3, 5, 4, 13, 7, 17, 11, 89, 6, 233, 29, 61, 47, 1597, 19, 4181, 41, 421, 199.
Let (Fn(x))n>1 be the sequence of Fibonacci polynomials, that is,
F1(x) = 1, F2(x) = x and Fn+2(x) = xFn+1(x) + Fn(x) for n > 1.
It is a strong divisibility sequence in Z[x] ([4]). The Chebyshev polynomials of the second
kind ([2]) , which satisfy U0(x) = 1, U1(x) = 2x, Un+2(x) = 2xUn+1 − Un(x), also form a
strong divisibility sequence in Z[x] ([4]). The same holds for the 3-variable polynomials
Sn(x, y, z) which satisfy S1 = 1, S2 = x, Sn = xSn−1 + ySn−2 for n even and Sn =
zSn−1 + ySn−2 for n odd ([4]. Also, other examples of strong divisibility polynomial
sequences are constructed and discussed in [3].
Let us end this article with the following corollary, which is an immediately conse-
quence of Theorem 2.1 and Theorem 3 in [3].
Corollary 2.4. Let (an)n>1 be a strong divisibility sequence in a gcd-domain R. If n > 2
has prime factorization n = pα11 · · · p
αs
s , then
[a1, . . . , an]
[a1, . . . , an−1]
=
an[
an/p1 , an/p1, . . . , an/ps
] .
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